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ABSTRACT
We extend the use of the Tsallis statistic to measure the differences in gas dynamics
relative to the mean magnetic field present from natural eddy-type motions existing
in magnetohydrodynamical (MHD) turbulence. The variation in gas dynamics was
estimated using the Tsallis parameters on the incremental probability distribution
function of the observables (intensity and velocity centroid) obtained from compress-
ible MHD simulations. We find that the Tsallis statistic is susceptible to the anisotropy
produce by the magnetic field, even when anisotropy is percent the Tsallis statistic can
be use to determine MHD parameters such as the Sonic Mach number. We quantize
the goodness of the Tsallis parameters using the coefficient of determination to mea-
sure the differences in the gas dynamics. These parameters also determine the level of
magnetization and compressibility of the medium. To further simulate realistic spec-
troscopic observational data we introduced smoothing, noise, and cloud boundaries to
the MHD simulations.
Key words: ISM: magnetic fields, kinematics and dynamics – magnetohydrodynam-
ics (MHD) – turbulence
1 INTRODUCTION
The dynamics of the interstellar medium (ISM) regulate var-
ious phenomena such as star formation, cosmic ray physics,
galaxy evolution, and magnetic dynamo theory. Two fun-
damental constituents of the ISM are magnetic fields and
turbulence (see reviews by Elmegreen & Scalo 2004; Mac
Low & Klessen 2004; McKee & Ostriker 2007), making it
essential to study the properties of magnetohydrodynamical
(MHD) turbulence. Essential evidence of MHD turbulence
in the ISM is seen in the energy power law (Chepurnov &
Lazarian 2010; Armstrong et al. 1995), fractal structure in
the molecular media (Elmegreen & Falgarone 1996; Stutzki
et al. 1998), and in intensity fluctuations of both density and
turbulent velocity (Crovisier & Dickey 1983; Green 1993;
Elmegreen et al. 2001).
The most used tool to analyze the turbulent properties
of the ISM is the power spectrum calculation for both ob-
servational and computational approaches (where the slope
of the power-law determines some of the properties of the
medium). These calculations have been done on scintillation
fluctuations (Narayan & Goodman 1989), density fluctua-
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tions via column density (Falgarone et al. 1994; Lis et al.
1998; Miesch et al. 1999) and radio spectroscopy (Lithwick
& Goldreich 2001; Cho & Lazarian 2003). The power in-
dex can also be estimated from position-position-velocity
(PPV) data via Velocity Channel Analysis (VCA Lazar-
ian & Pogosyan 2000; Padoan et al. 2003; Kandel et al.
2016), Spectral Correlation Function (Rosolowsky et al.
1999; Padoan et al. 2001), and Velocity Coordinate Spec-
trum (VCS Lazarian & Pogosyan 2006, 2008; Padoan et al.
2009), among others.
The power spectrum is only one of the properties that
the turbulent medium has. Other parameters include sonic
and Alfve´n Mach numbers (Ms and MA), injection scale, gas
temperature, and Reynolds number. In particular, the sonic
and Alfve´n Mach numbers provide information on the gas
compressibility and magnetization, two properties that are
convoluted in the power index.
The properties of the ISM are such that the Tsallis
(1988) statistics have been used to analyze its compress-
ibility and magnetization, with Esquivel & Lazarian (2010)
being the first ones to apply it to MHD simulations. The
statistic was first used in an astronomical context by Burlaga
& Vin˜as (2004) to prove the properties of the solar wind,
using information obtained from the Voyager missions. Es-
quivel & Lazarian (2010) fit the Tsallis distribution to incre-
© 2015 The Authors
ar
X
iv
:1
90
6.
04
82
1v
1 
 [a
str
o-
ph
.G
A]
  1
1 J
un
 20
19
2 Gonza´lez-Casanova, Lazarian & Cho
mental probability distribution functions (PDF) of the 3D
properties of the medium (density, velocity and magnetic
field), finding good correlation between the Tsallis distribu-
tion and its Ms and MA. Tofflemire et al. (2011) applied a
similar procedure to observable quantities such as the in-
tensity and the projected magnetic field. This analysis was
able to obtain reliable estimates of Ms and MA, but with
quantities obtained from spectroscopic observations. There-
fore the Tsallis statistic is a reliable technique to understand
the turbulent properties of the ISM.
Turbulent MHD has a key difference from purely hydro-
dynamical turbulence: the eddy motions align with the local
magnetic field (Goldreich & Sridhar 1995; Lazarian & Vish-
niac 1999). The motions perpendicular and parallel to the
mean magnetic field are therefore different. The differences
in motion are seen in density and velocity structures (e.g.
Esquivel & Lazarian 2005; Soler et al. 2013; Kandel et al.
2016). In this paper we extend the use of the Tsallis statis-
tic to MHD simulations to analyze and quantify the effects
of the magnetic field in the fluid motions relative the the
mean magnetic field. We apply it to observables (intensity
and velocity centroids) and add different effects to simulate
realistic observations. In Section 2, we explore the charac-
teristics of the Tsallis statistic; in Section 3, we describe the
numerical code and setup for the MHD simulations; in Sec-
tion 4, we present our results on the anisotropy by means of
the Tsallis distribution; in Section 5, we discuss our results;
and in Section 6, we give our conclusions.
2 THEORETICAL CONSIDERATIONS - THE
TSALLIS STATISTIC
Complex systems such as turbulent gas dynamics require
a formalism known as non-extensive statistical mechanics.
These systems have the characteristic of non-Gaussian dis-
tributions with asymptotic power law behavior, long range
correlations and multifractality (Picoli Jr. et al. 2009). Tsal-
lis (1988) developed the Tsallis statistic as a generalization
of the entropy in fractal systems. The Tsallis distribution,
or q-Gaussian distribution (Pq(∆ f (r))), is a generalization of
the Gaussian distribution that complex systems satisfy:
Pq(∆ f (r)) = a
[
1 + (q − 1)∆ f (r)
2
w2
]−1/q−1
, (1)
where a, q and w are the Tsallis parameters and ∆ f (r) cor-
responds to the incremental PDF in the space of the fitted
function ( f ). The different parameters modify the structure
of the distribution: q controls the tail, w the width, and a
the amplitude of the distribution. The incremental PDF of
f fitted by the Tsallis distribution is defined as:
∆ f (r) = f (r) − 〈 f (r)〉x
σf
, (2)
where 〈...〉x refers to a spatial average; σf to its respective
standard deviation; and r the ‘lag’ referring to the spatial
variation of the data points across the data set. Both 〈...〉x
and σf are a function of the lag.
For this work we used observables (I, S and C) as the
input for the Tsallis statistic. The observables are the pro-
jected quantities into the plane of the sky along the line of
sight (LOS). Velocity centroids C(x) and S(x) give informa-
tion on the velocity field of the medium. The intensity I(x)
depends on the emitting source and can be proportional to
the density, such as in the case of HI emission. Calculation
of the velocity centroids require spectroscopic information.
The observables are defined as:
C(x) ∝
∫
vz (x, z)ρ(x, z)dz∫
ρ(x, z)dz ,
S(x) ∝
∫
vz (x, z)ρ(x, z)dz ,
I(x) ∝
∫
ρ(x, z)dz ,
(3)
where ρ is the density, vz is the LOS component of the ve-
locity, x is the position of the plane of the sky, z the po-
sition along the LOS, C(x) is the normalized velocity cen-
troid, and S(x) the un-normalized velocity centroid. The
velocity centroids and the intensity for this work do not
take into account self-absorption and assume an optically
thin medium. Therefore the incremental PDF for the ob-
servables, f (r), that the Tsallis distribution fits takes the
from of: f (r) = C(x + r) − C(x); f (r) = S(x + r) − S(x); and
f (r) = I(x + r) − I(x), where r is the lag and x is the position
in the plane of the sky. Because the lag is in vector form we
can construct different functions that take the lag to be par-
allel, perpendicular, and isotropic (both directions) relative
to the mean magnetic field.
3 MHD SIMULATIONS
We use an isothermal ideal compressible MHD code (see
Cho & Lazarian 2002a, for details). The code solves the
ideal MHD equations with periodic boundary conditions
with a third-order hybrid, essentially non-oscillatory (ENO)
scheme. The turbulence is driven solenoidally in Fourier
space with a wave scale 2.5 times smaller than the simula-
tion box size, i.e. 2.5 linj = lbox . The simulation is run until
the energy reaches saturation from the turbulence driving.
The code solves the problem in code units (scale-free) so
they can be scaled for any parameters of the different media
in the ISM (Draine & Lazarian 1998; Burkhart et al. 2009).
The initial density and velocity are set to unity, length is de-
fined in terms of the box size (L), and the time as the eddy
turnover time (L/δv). To reach saturation and stability, the
simulations runs for 5-7 eddy turnover times until the RMS
velocity is close to vrms ∼ 0.7. The sonic Mach number is
defined as: MS = 〈|vrms |/cs〉, and the Alfve´n Mach number
is defined as: MA = 〈|vrms |/VA〉, where cs is the sound speed
and VA is the Alfve´n speed.
The magnetic field has a uniform initial contribution
(Bo) in the ‘x’ direction perpendicular to the LOS. Once
the simulation reaches convergence, the magnetic field has
a mean component and a fluctuating one i.e. (B = Bo + δb).
Two cases are simulated: Bo = 1 (sub-Alfve´nc; MA ≈ 0.7) and
Bo = 0.1 (super-Alfve´nic; MA ≈ 2). Initially δb = 0 and for
all times 〈δb〉 ≈ 0. The fluctuating field is produced by the
turbulent motion and energy injection. Our data set consists
of 18 numerical simulations with a resolution of 5123 with
different Mach numbers (see Table 1).
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Table 1. Simulation parameters
Model Pext Bo Ms MA Description
1 0.0049 0.1 10 2.0 Supersonic and super-Alfve´nic
2 0.0049 1.0 10 0.7 Supersonic and sub-Alfve´nic
3 0.0077 0.1 7 2.0 Supersonic and super-Alfve´nic
4 0.0077 1.0 7 0.7 Supersonic and sub-Alfve´nic
5 0.01 0.1 6 2.0 Supersonic and super-Alfve´nic
6 0.01 1.0 6 0.7 Supersonic and sub-Alfve´nic
7 0.025 0.1 5 2.0 Supersonic and super-Alfve´nic
8 0.025 1.0 5 0.7 Supersonic and sub-Alfve´nic
9 0.05 0.1 4 2.0 Supersonic and super-Alfve´nic
10 0.05 1.0 4 0.7 Supersonic and sub-Alfve´nic
11 0.1 0.1 3 2.0 Supersonic and super-Alfve´nic
12 0.1 1.0 3 0.7 Supersonic and sub-Alfve´nic
13 0.7 0.1 1 2.0 Subsonic and super-Alfve´nic
14 0.7 1.0 1 0.7 Subsonic and sub-Alfve´nic
15 1 0.1 0.7 2.0 Subsonic and super-Alfve´nic
16 1 1.0 0.7 0.7 Subsonic and sub-Alfve´nic
17 2 0.1 0.1 2.0 Subsonic and super-Alfve´nic
18 2 1.0 0.1 0.7 Subsonic and sub-Alfve´nic
4 TSALLIS FIT OF THE INTENSITY AND
THE VELOCITY CENTROIDS
We fit the Tsallis distribution (equation 1) to the incre-
mental PDFs of the two velocity centroids (C and S) and
the intensity (I) using the Levenberg-Marquardt algorithm
(Levenberg 1944; Marquardt 1963). The fitting process is
done to individual components (parallel and perpendicular)
and to both components (isotropic). Figure 1 shows the data
points and the fitted function for model 14 (supersonic and
super-Alfve´nic). The fitting process for all cases is done to
the incremental PDF using 100 bins and using the range
from -2 to 2. The lag was changed from 1 to 128 in powers
of 2 for all fits.
For each of the models (Table 1) the Tsallis fit gives nine
parameters for each of the three observables and three pa-
rameters for each of the fits (aiso, a⊥, a‖ , qiso, q⊥, q‖ , wiso,
w⊥, w‖) that are lag-dependent. In total there are 27 param-
eters for each of the 18 models. Figures 2 and 4 present the a,
q, and w parameters for the sub-Alfve´nic regime for the in-
tensity and the un-nomalized centroid respectively. Figures
3 and 5 present the same parameters for the super-Alfve´nic
regime for the intensity and the un-nomalized centroid re-
spectively. The Tsallis parameters for the normalized veloc-
ity centroid are not shown, but have a similar behavior to the
un-nomalized one. The panel that shows the isotropic case in
Figures 2-5 reproduces the results found in Tofflemire et al.
(2011).
The ability to distinguish the differences in the motions,
if such, has to be reflected in the Tsallis parameters. Figures
2-5 on the last column shows the ratio of the three Tsallis
parameters for the two directions. Since the ratio is different
than one, the effect of the mean magnetic field in the media
is measurable. As seen, the sub-Alfve´nic regimen presents a
stronger effect in the medium than the super-Alfve´nic case
as one would expect, for both the intensity and the velocity
centroid. The Tsallis parameters can then be used to deter-
mine both Mach numbers using the different figures.
The Tsallis parameters measure the differences in the
dynamics, but the parameters are only as good as the Tsallis
-2 -1 0 1 2
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Figure 1. The incremental PDF (data points and fitted Tsal-
lis function) for the three observables (un-normalized centroid
red, normalized centroid blue and intensity black) for Model 14
(Ms=1.0 and MA=0.7; supersonic and super-Alfve´nic). The PDF
shows eight different lags (1, 2, 4, 8, 16, 32, 64, 128) displayed
along the ‘y’ axis. The ‘y’ axis is log scale. The fitting process is
done parallel (left panel), perpendicular (right panel), and isotrop-
ically (center panel) with respect to the mean magnetic field.
distribution fits the properties of the medium. It is therefore
important to estimate the goodness of fit of the Tsallis func-
tion on the incremental PDF. This estimate is related to the
errors of the Tsallis parameters, and thus to their ability to
determine the effects of the mean magnetic field. To estimate
the goodness of fit we use the coefficient of determination,
R2:
R2 = 1 −
∑N
i ( fi − y¯)2∑N
i (yi − y¯)2
, (4)
where N is the number of points of the data set (in this case
the number of bins), fi is the model data from the Tsallis
fit, and yi is the data points from the MHD simulations. A
value of one in the coefficient of determination means the
model fits the data points perfectly. Therefore the closer R2
is to one, the better the model fits the data points.
The coefficient of determination was estimated for all
18 MHD models with 8 lags in the 3 directions (see Figure
6). Table 4 shows the value of the 5th percentile, i.e. the
MNRAS 000, 1–8 (2015)
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Figure 2. The Tsallis parameters, qi (Top row), wi (middle row), and ai (bottom row) for the sub-Alfve´nic regime for the intesity.
The parameters are shown as a function of the lag (r), for the nine different Ms (color coded). The first left three columns correspond
to the parallel, isotropic and perpendicular cases. The right column corresponds to the ratio of the parallel and perpendicular Tsallis
parameters, also as a function of the lag.
Full lag range 1-32 lag range
⊥ iso ‖ min ⊥ iso ‖
I (x) 0.905 0.945 0.944 0.856 0.982 0.987 0.984
S(x) 0.871 0.905 0.923 0.727 0.919 0.971 0.975
Table 2. The coefficient of determination for the two observables.
The first four measurements correspond to the full lag range and
the last three columns to a lag between 1-32. The values reported
for the perpendicular, parallel and isotropic measurements corre-
spond to the value at the 5th percentile. The min value column
is the minimum value of R2 that it was found for its respective
observable in the full lag range.
value of R2 above which 95% of the data lay. We chose the
5th since is shows the accuracy of the overall technique and
disregards outliers. The global minimum is also reported,
clearly showing that for all cases the coefficient is close to
one, implying an adequate fit between the Tsallis distribu-
tion and the incremental PDF of the observables.
Figure 6 also shows that the larger the lag the lower
the values of the coefficient, or in other words the poorer
the correlation becomes. We estimated R2 but now for data
with a lag smaller than 32 (see Table 4). The lag of 32 is
chosen a lag, that increases R2 without limiting the range of
observations. This approach significantly increases the value
of the correlation parameter, translating to a more accurate
measure of the effects of the magnetic field.
5 DISCUSSION
Understanding turbulent gas dynamics in the ISM, partic-
ularly the magnetization and compressibility, is fundamen-
tal to understanding star formation, the phases of the ISM,
and cosmic ray transport, among others (McKee & Ostriker
1977; Audit & Hennebelle 2005; Blasi 2013; Li et al. 2014).
Without magnetic fields in the presence of turbulence, sev-
eral astronomical phenomena could not be explained, such
as star formation (Hennebelle & Ciardi 2009; Santos-Lima
et al. 2010). Because cloud conditions such as the sonic and
Alfve´nic Mach numbers (MS and MA) affect the initial prop-
erties and outcomes of star-forming regions, it is vital to
better characterize the medium (Burkhart et al. 2013). The
magnetic field direction, which directly affects gas motions
and star formation, is additionally vital to comprehend.
We use the Tsallis statistic applied to MHD simula-
tions to directly determine the differences in gas motions
imposed by the magnetic field. This is seen in the ratio of
the different parameters shown in the last column of Figures
2-5. Using the coefficient of determination we infer that the
Tsallis parameters can properly describe the anisotropy of
the medium. The degree of anisotropy is better measured at
smaller lag. This is in accordance with current MHD theory,
where the eddy motions that produce the anisotropy have
specific scaling laws that imply that the smaller the size of
the eddy, the higher the anisotropy of the eddy (Goldreich
& Sridhar 1995; Lazarian & Vishniac 1999; Cho & Lazarian
2002b).
The q and w parameters control the shape of the distri-
MNRAS 000, 1–8 (2015)
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Figure 3. The Tsallis parameters, qi (Top row), wi (middle row), and ai (bottom row) for the super-Alfve´nic regime for the intesity.
The parameters are shown as a function of the lag (r), for the nine different Ms (color coded). The first left three columns correspond
to the parallel, isotropic and perpendicular cases. The right column corresponds to the ratio of the parallel and perpendicular Tsallis
parameters, also as a function of the lag.
bution. Based on the particular properties that they control,
these parameters can be related to the standard deviation
and kurtosis (the second- and fourth- order statistical mo-
ment of a normal distribution). The main difference is that
q and w are not defined independently. In the same way that
kurtosis measures the effects of Mach numbers, so can the
q parameter, as seen in the respective figures (Kowal et al.
2007; Burkhart et al. 2009).
Realistic observational data has intrinsic inefficiencies
that decrease the quality of the data and therefore could
lower the effectiveness of the Tsallis statistic to understand
the motions present in the ISM. We incorporate the effects
of smoothing, noise and cloud boundaries effects in the next
subsections.
5.1 Data smoothing
Observational spectroscopic data does not have a pencil-thin
beam like computer simulations but rather a smooth beam
resolution. In order to simulate the effects of telescope data
we use a gaussian smoothing kernel, where we change the full
width at half maximum (FWHM). The FWHM is measured
in number of cells. We use four values for the FWHM (2, 4)
to smooth the data for the three observables. Larger values
for the FWHM producs R2 numbers that are too small (less
than 0.85).
The smoothing procedure changes the values of the
Tsallis parameters compared to the values with no smooth-
ing, but the overall trend is preserved. Even with smoothing,
the ratio of the Tsallis parameters reflect the anisotropy of
the media. Similarly to the un-smoothed data, the parame-
ters should not be measured at lags larger than 32. The coef-
ficient of determination is similar between the two datasets
(smoothed and un-smoothed), confirming a good measure-
ment even with smooth data.
5.2 Noise
Realistic observational data has intrinsic noise. To simulate
this, we added artificial noise to the simulations. We intro-
duced Poisson noise to the projected data (the plane of the
sky) with signal to noise ratio (S/N) values of 10, 50, 100,
and 400. The noise is added independently to both the in-
tensity and velocity maps. The noise changes the values of
I(x) and S(x), which then changes the value of the Tsallis
parameters. Using the same procedure described in section
4 we obtained the Tsallis parameters.
The coefficient of determination was estimated for both
Alfve´nic regimes, and in both cases the 5th percentile of
the fitted models have an R2 above 0.933 for the intensity
and above 0.892 for the un-normalized centroid. The Tsallis
parameters, like in the case of smoothing, vary from the
pure signal data, but even then the variations are small and
they properly fit the data. Therefore one is able to measure
differences in gas dynamics even with noisy data.
MNRAS 000, 1–8 (2015)
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Figure 4. The Tsallis parameters, qi (Top row), wi (middle row), and ai (bottom row) for the sub-Alfve´nic regime for the un-normalized
velocity centroid. The parameters are shown as a function of the lag (r), for the nine different Ms (color coded). The first left three
columns correspond to the parallel, isotropic and perpendicular cases. The right column corresponds to the ratio of the parallel and
perpendicular Tsallis parameters, also as a function of the lag.
5.3 Cloud effects
All previous analysis corresponds to diffuse media obser-
vations of the ISM, but ISM observations can also include
clumpy objects such as molecular clouds. To simulate a cloud
we apply a gaussian filter to the 3D MHD simulation with a
standard deviation of 100 and 200 cells. The simulation box
is then projected into the plane of the sky in the same fashion
as the previous analysis using the intensity and the velocity
centroids. Using the same procedure we obtained the Tsallis
parameters and their respective coefficient of determination
for the two clouds. Even when the Tsallis parameters ob-
tained had different values depending on the direction of
the measurement, the average of their coefficient of deter-
mination was below 0.67 for the intensity, and 0.6 for the
un-normalized centroid, making it overall an inadequate fit.
The fact that the Tsallis parameters could not estimate the
properties of the cloud might come from the fact that there
is a significant different depth in each line of sight across
the cloud, due to the poor computational resolution for this
type of analysis. The change in the line of sight depth also
affects the projected information that translates to a change
in the power spectrum measurement. This change does not
reflect changes to the turbulence but rather the LOS.
6 CONCLUSIONS
In this paper we extended the use of the Tsallis statistic
to explore the effects of anisotropy of a medium produced
by the mean magnetic field. The measurements were made
in a simulated diffuse ISM with different degrees of magne-
tization and compressibility. The Tsallis statistic was used
in the incremental PDF of the intensity and the velocity
centroids. We found that the Tsallis distribution, through
the Tsallis parameters, can detect the anisotropy produced
by the magnetic field. We can determine the Ms using the
Tsallis parameters even if we do not know the relative di-
rection of magnetic field, meaning that the Tsallis statistics
does depend on magnetic field direction, but this does not
compromise its use for finding the parameters of MHD tur-
bulence that was discussed in earlier papers.
To quantify the accuracy of the Tsallis distribution of
fitting the properties of the medium we employed the co-
efficient of determination. It was found that the coefficient
of determination is above &0.9 for most cases implying a
good correlation between the Tsallis function and the data.
The goodness of fit is fundamental since it determines how
good the predictions are for both the direction of the mean
field and the compressibility and magnetization of the me-
dia. Noise and smoothing were added to understand obser-
vational effects on the Tsallis parameters, and we find that
they can be used in such conditions.
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Figure 5. The Tsallis parameters, qi (Top row), wi (middle row), and ai (bottom row) for the super-Alfve´nic regime for the un-normalized
velocity centroid. The parameters are shown as a function of the lag (r), for the nine different Ms (color coded). The first left three
columns correspond to the parallel, isotropic and perpendicular cases. The right column corresponds to the ratio of the parallel and
perpendicular Tsallis parameters, also as a function of the lag.
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Figure 6. The coefficient of determination (R2) for the intensity (top two rows) and for the un-normalized centroid (bottom two rows)
for the sub-Alfve´nic (first and third rows) and super-Alfve´nic regimes (second and forth) as a function of the lag and the sonic Mach
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1999, ApJ, 524, 887
Santos-Lima R., Lazarian A., de Gouveia Dal Pino E. M., Cho
J., 2010, ApJ, 714, 442
Soler J. D., Hennebelle P., Martin P. G., Miville-Descheˆnes M.-A.,
Netterfield C. B., Fissel L. M., 2013, ApJ, 774, 128
Stutzki J., Bensch F., Heithausen A., Ossenkopf V., Zielinsky M.,
1998, A&A, 336, 697
Tofflemire B. M., Burkhart B., Lazarian A., 2011, ApJ, 736, 60
Tsallis C., 1988, Journal of Statistical Physics, 52, 479
This paper has been typeset from a TEX/LATEX file prepared by
the author.
MNRAS 000, 1–8 (2015)
